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( ) , , , Poincar\’e Func-
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Definition 1 ( ) $n$ $\lambda=(\lambda_{1}, \lambda_{2}, \cdots, \lambda_{k})$ , $\Sigma\lambda_{i}=n$
$\lambda_{1}\geq\lambda_{2}\cdots\geq\lambda_{k}\geq 0$ . , 2 $0$
, . $\lambda$ $0$ $\lambda_{i}$ $l(\lambda)$
, $\lambda$ $n$ $\lambda\vdash n$ .
Definition 2 ( ) $n$ $\lambda=(\lambda_{1}, \lambda_{2}, \cdots , \lambda_{l(\lambda)})$ , ,
$\lambda_{1}$ , $\lambda_{2}$ , $l(\lambda)$ ‘ ”,
“ ” .
, 1 $n$ . ,
$T$ $i$
$c_{i}$ $(c_{1}, c_{2}, \cdots, c_{n})$ $c(T)$
.
Definition 3 ( ( ) ) $n$ $\lambda$ $T$





3. $T$ $c(T)=(c_{1}, \cdots, c_{n})$ ,
$\forall i\geq 1,$ $c_{i+1}\neq 0\Rightarrow c_{i}\neq 0$ .
$T$ , $c(T)$ .
Definition 4 ( ) , 1 $n$
, $c=(1,1, \cdots, 1)$ .
$\lambda$




Proposition 1 (Hook ) $\lambda$ $n$ , $\lambda$
$f^{\lambda}$ ,
$f^{\lambda}= \frac{n!}{\Pi_{(i,j)\in\lambda}h_{ij}}$
. , $(i,j)\in\lambda$ $\lambda$ $i$ $j$ ,
$h_{ij}=\#|\{(i,j’) ; j’\geq j\}\cup\{(i’,j) ; i’\geq i\}|$
. , $\#$ .
Proof. [GNW79] .
3. $P$
, $P$ , $P$
.
Definition 5 ( $P$ ) $n$ $\lambda$ $T$ $P$ ,
$T$ $c(T)$ $n$ .
, $P$ .
Algorithm 1 from P-Tableau to Standard Tableau
Input $Y=(y_{ij})$ $P$ $j$
Output
PS 1 $\#\{i|y_{1j}=1\}=1$ , $Y$ .
, $darrow{\rm Max}_{ij}(Y)$ .
PS 2 $y_{ij}=d$ , $j$ $(i’,j’)$ .
PS 3 $y_{i’j’}arrow y_{i’j’}+1$ .
PS 4 $\{(i, j)y_{ij}=d\}\neq\emptyset$ , PS 1 .
, $darrow d-1$ , PS 2
40
Theorem 1 Algorithm 1 $P$ ,
.
Pro4 , PS 2 $j’$ ,
, . $\blacksquare$
Theorem 1 , $P$
.
$P$ $Y$ , Algorithm 1 $\pi(Y)$ .
, $\pi$ $P$ “ ” .
Definition 6 $n$ $\lambda$ $P$ $\mathcal{P}_{\lambda}$ , $\lambda$
$S_{\lambda}$ .
Definition 7 ( $\equiv$ ) $n$ $\lambda$ $P$ $X,$ $Y\in \mathcal{P}_{\lambda}$ ,
$\pi(X)=\pi(Y)$














$(i_{11}, j_{11})(i_{12}, j_{12})$ ... $(i_{1m_{1}}, j_{1m_{1}})$




1. $m_{1},$ $m_{2},$ $\cdots,$ $m_{l}$ ,
$m_{1}\geq m_{2}\geq\cdots\geq m_{l}$
2. $i\geq 1$ , $\forall j\geq 2$ ,
$(i,j)\in A$ , $(i,j-1)\in A$
. $j\geq 1$ , $\forall i\geq 2$ ,
$(i,j)\in A$ , $(i-1,j)\in A$.
3. k<k’ ,
$i_{k*}=i_{k’}$ , $j_{k*}<j_{k’*}$ .
$j_{k*}=j_{k’*}$ , $i_{k*}<i_{k’*}$ .
4. $k$ ,
$j_{k1}<j_{k2}<...$ $<j_{km_{k}}$ .
, $(i, j)$ $A$ $(i,j)\in A$ , $A$ $k$
$R_{k}(A)=(i_{k1}, j_{k1})(i_{k2}, j_{k2})\cdots(i_{km_{k}}, j_{km_{k}})$
.
Lemma 1 Definition 8 $A$ $(i,j)$ .
Proof. 4 , . 3
. $\blacksquare$
Lemma 2 Definition 8 $A$
$R_{1}(A)=(1,1)(1,2)\cdots(1, m_{1})$
Proof. ( ) 2 $(1, 1)$ .
3 , $(1, 2)$ $\cdots$ ,
. $\blacksquare$




Proof. $\lambda$ $P$ $Y$ , $P$ $c(Y)$
, $c(Y)$ “ ” . $k$ , $c_{k}=y_{ij}$ $(i,j)$
$j$ $A$ . $A$ Definition 8
.
$c(Y)=(c_{1}, c_{2}, \cdots, c_{l(c)})$ ,
$c_{1}\geq c_{2}\geq\cdots\geq c_{l(c)}$
1 .
$\lambda$ “ ” , ,
2 . Definition 3 3 , $A$ .
$P$ $-$ $k>k’$ , Definition 3 1 2 , $k$ $k’$
, $k’$ $k$ , $k$ $k’$
. 3 .
Definition 3 . $A$ $c_{k}=y_{ij}$
(i, $j$ . , 4 .
, Definition 8 $A$ ,
$\lambda_{i}=\#\{(t,j)\in A|t=i\}$
$P$ $Y$ , Lemma 1, 2
. $\blacksquare$
$P$ (3) $P$ “ ”
, $P$ $Y$ $I(Y)$ .
Example 1 ( $P$ )
$Y=$ $111234$ $I(Y)=$ $(1,1)$ $(1,2)$ $(1,3)$
2 3 5 $rightarrow$ $(2, 1)$ $(1, 4)$



















Algorithm 1 , $\pi$ , $P$
,
.
Definition 9 ( ) $P$
$(i_{11}, j_{11})(i_{12}, j_{12})\cdots(i_{1m_{1}}, j_{1m_{1}})$
$A=$
$(i_{21}, j_{21})\cdots(i_{2m_{2}}, j_{2m_{2}})$







(6) $A$ , $\Pi(A)$ .
Example 5 , .




Definition 7 $P$ ,
. $Y$ , $Y$ $P$
$X$ .
$P$ , $P$
. $P$ $Y$ , $\deg(Y)$ .
Lemma 3
$Y\in S_{\lambda}(\lambda\vdash n)\Leftrightarrow\deg(Y)=n$ .
, 1 $P$ , $l-1$ $P$
.
Algorithm 2 from P-Tableau with degree $l$ to P-Tableaux with degree $l-1$
Input $Y$ $l$ $P$ $(l>1)$
Output $I-1$ $P$
(Initialize) $P$ $Y$ $I(Y)$
$(i_{11}, j_{11})(i_{12}, j_{12})\cdots(i_{1m_{1}}, j_{1m_{1}})$
$I(Y)=(i_{21}, j_{2,.1})\cdot\cdot.\cdot$ .
$(i_{2m_{2}}, j_{2m_{2}})$
(il 1, $j_{l1}$ ) .., (il $m_{\iota}$ il $m_{\iota}$ )
Stack $=\emptyset$
SSP 1 $k=l$ .
SSP 2 $Z=I(Y)$ . $k=2$ , SSP 5 .
SSP 3 $m_{k}=1$ $m_{k-2}\geq m_{k-1}+1$ $j_{k-1m_{k-1}}<j_{km_{k}}$ ,
$R_{k-1}(Z)arrow(i_{k-11}, j_{k-11})$ . .. $(i_{k-1m_{\iota}}, j_{k-1m_{1}})(i_{km_{k}},j_{km_{k}})$ ,
$R_{k}(Z)arrow R_{k+1}(Z),$ $R_{k+1}(Z)arrow R_{k+2}(Z),$ $\cdots,$ $R_{l-1}(Z)arrow R_{l}(Z)$ .
$Z$ $P$ , Stack $=Stack\cup\{I^{-1}(Z)\}$ .
, Stack .
SSP 4 $karrow k-1$ , SSP 2 .
SSP 5 $(k=2)$ $m_{2}=1$ $i_{2m_{2}}=1$ ,
$R_{1}(Z)arrow(i_{1m_{1}},j_{1m_{1}})$ . .. $(i_{1m_{1}},j_{1m_{1}})(i_{2m_{2}},j_{2m_{2}})$ ,
$R_{2}(Z)arrow R_{3}(Z),$ $\cdots,$ $R_{l}(Z)arrow R_{l-1}(Z)$ .
$Z$ $P$ , Stack $arrow Stack\cup\{I^{-1}(Z)\}$ .
SSP 6 Stack .
Definition 10 Algorithm 2 $l$ $P$ $Y$ , $l-1$





Algorithm 2 , $P$
$P$ .
Algorithm 3 from P-Tableau with degree $l$ to P-Tableau with degree $l+1$
Input $Y$ $l$ $P$ $(l<n)$
Output $l+1$ $P$
(Initialize) $P$ $Y$ $I(Y)$
$(i_{11}, j_{11})(i_{12}, j_{12})$ ... $(i_{1m_{1}}, j_{1m_{1}})$
$I(Y)=(i_{21}, j_{21})\cdots(i_{2m_{2}}, j_{2m_{2}})$
...
$(i_{l1}, j_{l1})$ ... $(i_{lm_{\iota}}, j_{lm_{l}})$
SP 1 $karrow l$ .
SP 2 $R_{k}(I(Y))$ $(i_{k,m_{k}},j_{k,m_{k}})$ , $R_{k+1}(I(Y))=(i_{k,m_{k}},j_{k,m_{k}})$ .
SP 3 $R_{k}(I(Y))\neq$ ” $I(Y)$ $P$ , $P$ .
, $karrow k-1$ , SP 2 .
Definition 11 $Y\in P_{\lambda}\backslash S_{\lambda}$ , Algorithm 3 $P$
$U(Y)$ .
Algorithm 3 Algorithm 2 Lemma .
Lemma 4 $Y\in \mathcal{P}_{\lambda}\backslash S_{\lambda}\lambda\vdash n$ $U(Y)$ ,
$Y\in D(U(Y))$
.
Proof. ( ) PS 2, PS 3 $k-1,$ $k,$ $k+1$ $m_{k-1},$ $m_{k},$ $m_{k+1}$
Algorithm 3 SSP 3 SSP 5 Lemma $B\dot{i}$ . $\blacksquare$
Algorithm 3 Algorithm 1 Lemma .
Lemma 5 $Y\in P_{\lambda}\backslash S_{\lambda}\lambda\vdash n$ ,
$\pi(Y)=U^{(n-\deg(Y))}(Y)$
. , Algorithm 3 Algorithm 1 .
Lemma 4 , , Algorithm 2















Definition 12 ( ) $x_{1},$ $\cdots,$ $x_{n}$ , $\lambda$ $n$ ,
$m_{\lambda}$
$m_{\lambda}= \sum x^{\alpha}$
, , $\lambda$ $\alpha=(\alpha_{1}, \cdots, \alpha_{n})$ , $x^{\alpha}=x_{1}^{\alpha_{1}}\cdots x_{n}^{\alpha_{n}}$







, $\mathbb{Z}$ $n$ .
, $\{s_{\lambda}\}_{\lambda\vdash n}$ $\{m_{c}\}_{\text{ }\vdash n}$ , $n$
. , $s_{\lambda}$ $\{m_{c}\}_{c\vdash n}$
, , m $\{s_{\lambda}\}_{\lambda\vdash n}$ .
47
Proposition 2 (Littlewood-Richardson) $\lambda$ $n$ . $s_{\lambda}$
$\{m_{c}\}_{c\vdash n}$
$s_{\lambda}= \sum_{c\vdash n}k_{\lambda c}m_{c}$
, $\lambda$ , $c$ $P$ .
Proof. [LR34] [Mac79] . , [LR34], [Mac79] ,
Skew Schur function .
Example 3 ( $P$ ) 3 4 $P$ .
, P , .
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